This paper investigates further how the presence of a single reflecting plane wall modifies the usual Planckian forms in the thermodynamics of the massless scalar radiation in Ndimensional Minkowski spacetime. This is done in a rather unconventional way by integrating the energy density over space to obtain the internal energy and from that the Helmholtz free energy. The reflecting wall is modelled by assuming the Dirichlet or the Neumann boundary conditions on the wall. It is found that when N > 2 integration over space eliminates dependence on the curvature coupling parameter ξ. Unexpectedly though, when N = 2, the internal energy and the corresponding thermodynamics turn out to be dependent on ξ. For instance, the correction to the two-dimensional Planckian heat capacity is ∓ξk B (minus for Dirichlet, plus for Neumann). Other aspects of this dependence on ξ are also discussed. Results are confronted with those in the literature concerning related setups of reflecting walls (such as slabs) where conventional (i.e., global) approaches to obtain thermodynamics have been used.
Introduction
Scalar fields are common ingredients of models in particle physics, cosmology and gravitation. It is therefore pertinent to investigate the many aspects of thermodynamics of the scalar radiation. The traditional way of obtaining the equations of state of blackbody radiation is by means of statistical mechanics of standing waves in a cavity. There is however another approach which is to use the ensemble average T µν of the stress-energy-momentum tensor. Applying tools of quantum field theory at finite temperature T , one finds for a massless scalar field in four-dimensional Minkowski spacetime the following homogeneous and isotropic T µν ,
where ρ = π 2 30
(k B T ) 4 (hc) 3 , p = ρ 3 .
(
The internal energy U of the scalar radiation in a cavity of volume V can be obtained by integrating over space the energy density ρ in eq. (2),
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The expression in eq. (3) and the pressure p in eq. (2) are the familiar equations of state for the scalar blackbody radiation in a cavity of volume V and at thermodynamic equilibrium with the cavity walls at temperature T . (For electromagnetic radiation U is twice that in eq.
(3), see e.g. ref. [1] .) Nevertheless, eq. (3) is an approximation which holds only when the temperature is high enough or the cavity is big enough. This follows from the fact that T µν is not homogeneous and isotropic when the walls of the cavity are taking into account. Indeed, as has been shown in ref. [2] , in the presence of a single reflecting plane wall ρ is given as in eq. (2) far away from the wall; but it is radically modified when the wall is approached.
The main purpose of this paper is to calculate the internal energy U as described above, i.e., integrating ρ over space, now considering the inhomogeneous energy density ρ in the presence of a single reflecting plane wall [2, 3, 4] (in so doing, effects due to other walls of the cavity will assumed to be negligible). Before embarking on this task, which will be referred in this work as the local procedure to determine U , a short account on early works is required.
In order to obtain the thermodynamics of a quantum field in a background with boundaries one usually applies a global procedure which consists first in calculating the Helmholtz free energy F [5, 6, 7, 8, 9, 10, 11] . Then the internal energy U of the field in a volume V follows from F in the usual manner,
where β := 1/k B T . It should be remarked that in the implementation of this global procedure zeta function is a mathematical tool very much used.
The study of connections between thermodynamics of fields in backgrounds with boundaries and the local ensemble average T µν goes back to the 1960's and 1970's [12, 13, 14, 5, 15] . Such a study has been spoiled by the fact that typically T µν has a nonintegrable divergence at idealized boundaries [14, 16] , where idealized boundary conditions are assumed to hold in order to model real walls of a cavity. Various proposals to "regularize" such divergences have appeared in the literature [2, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] and many aspects of the subject is still actively investigated [28] . The present work wishes to examine further the connections mentioned above.
The rest of the article is organized as follows. The next section is devoted to reviewing the calculation in ref. [4] of T µν for a massless scalar field in N -dimensional Minkowski spacetime, where space is divided in two halves by a Dirichlet or by a Neumann plane wall (two models of reflecting wall). Some aspects of the inhomogeneous and anisotropic T µν are explored further for the purpose of use in the following sections. In section 3, the local procedure to determine the internal energy is applied. Such a calculation of U is performed when N > 2 and when N = 2, and the results are compared with those in the literature, for related backgrounds, where global procedures to obtain U have been used. In section 4, the expressions found for U in the previous section are used to calculate the free energy F by integrating eq. (4). Once one knows F , familiar thermodynamic relations lead to the entropy and two thermodynamic pressures (there are two different thermodynamic pressures due to anisotropy). The relationship between the thermodynamic pressures and the stress components of T µν is also established in section 4. Section 5 closes the article, presenting a summary and conclusions. (In the rest of the text, k B =h = c = 1.)
Stress-energy-momentum tensor ensemble average
Consider a Minkowski spacetime with N ≥ 2 dimensions where points are labelled by usual flat coordinates, (t, x, y, z, · · ·). An arbitrarily large plane wall is taken at x = 0 simulating a real wall of a large cavity in which a massless neutral scalar field φ is in thermodynamic equilibrium at temperature T (for more details regarding the material in this section, see ref. [4] ). In order to model a reflecting wall at x = 0, φ is assumed to satisfy the Dirichlet or the Neumann boundary conditions. Only the diagonal components of the corresponding ensemble average of the stress-energy-momentum tensor is nonvanishing [4] , i.e., T µν = diag(ρ, P ⊥ , P , · · · , P ).
The energy density in eq. (5) is given by,
where
upper signs for Dirichlet and lower signs for Neumann (as in the rest of the text). When the curvature coupling parameter ξ equals
one has the conformal coupling for which T µν is traceless. The minimal coupling corresponds to ξ = 0. It is worth noting that as T → 0 only the first term in eq. (6) is left behind. As x → ∞ only the Planckian ρ thermal remains. (In all formulas x is taken to be nonnegative which corresponds to choosing one side of the wall.) The contribution ρ mixed in eq. (6) bridges the vacuum ρ vacuum and the blackbody ρ thermal contributions and that is, in fact, a general feature common to all densities [4] . The remaining components of T µν in eq. (5) are,
It follows from eqs. (9) and (10) that P ⊥ = P and that isotropy holds only asymptotically, i.e., when x → ∞. The following relation between ρ mixed and P mixed will be useful later in the paper,
As has been shown in ref. [29] there is a range over which the values of ξ are restricted in order that stable thermodynamic equilibrium prevails. For the Dirichlet boundary condition ξ must satisfy,
and for the Neumann boundary condition ξ must be such that,
It should be pointed out that the conformal coupling in eq. (8) fits these bounds; but that the minimal coupling (ξ = 0) does not fit in eq. (12) for N > 3. Although equalities have not been included in the bounds of ξ in eqs. (12) to (15) there are evidences that they still hold when equalities are included. Before closing this section it should also be remarked that eqs. (14) and (15) were not presented in ref. [29] for arbitrary N , but the way to obtain them is the same as that leading to eqs. (12) and (13) which appeared first in ref. [29] .
Internal energy
When N > 2, one assumes that the reflecting plane wall of the large cavity described in the previous section has area A. The cavity is considered to be cylindrical with height a, such that its volume is Aa. Only boundary conditions on this particular wall will be taken into account, although connection with other configurations of walls in the literature will be made. The internal energy U of the scalar radiation in the cavity is obtained by integrating eq. (6) and noting eq. (7),
where,
and,
The nonvanishing lower bound of the integration in eq. (17), ǫ, takes into account the nonintegrable divergence mentioned in section 1. When N = 2, one simply sets A equal to unity in the arguments above, including eqs. (16) to (18) . It should be noticed that eq. (18) is the usual internal energy of a gas of massless scalar bosons in an (N − 1)-dimensional cavity of volume Aa. In particular, for N = 4, eq. (3) is reproduced.
In the present calculation the cavity is considered arbitrarily large in the sense that for any nonvanishing T , it is assumed that
Consequently, one can formally take a = ∞ in integrations in eq. (17) and, in doing so, the result is as if only leading contributions in each integration were kept. In dealing with the limit ǫ → 0 in eq. (17) one of the regularization schemes mentioned previously must be used. It turns out that any of them yields [2, 6, 18, 19, 21] ,
and thus eq. (16) becomes,
with
Note that U mixed in eq. (21) should be seen as the leading correction to the Planckian U thermal in eq. (18) due to the presence of a reflecting wall. Terms in eq. (21) have been rearranged to denote this fact. In order to proceed with the calculation of U , the cases N > 2 and N = 2 will be treated separately.
N >2
Before using in eq. (22) the expression for ρ mixed as given in eq. (7), it is convenient to consider the definitions,
and
Then, for χ := 2T x, it follows that
When α > 2, by using t := χ 2 /m 2 in eq. (23), it results
Noticing now that,
Thus, eq. (25) agrees with the common knowledge that total energies in flat spacetime do not depend on ξ (see, e.g., ref. [30] ). Function g(α) in eq. (24) can be manipulated in a similar manner as f (α), following that (using, e.g., Mathematica [31]),
By inserting eqs. (27) and (28) in eq. (25), one ends up with
where eq. (8) has been used. It should be stressed that eq. (29) holds when N > 2. Comparing eqs. (18) and (29), it is seen that the contribution in eq. (21) due to the presence of the plane Dirichlet wall is a deficit of 1/4 of blackbody energy in a (N − 2)dimensional cavity; and a excess of 1/4 for the plane Neumann wall. According to this loose picture the corresponding "bosons" can be thought to be confined to the wall.
Working with zeta function regularization in static spacetimes, ref. [32] calculated the high temperature behaviour of the free energy of a massless scalar field confined to an (N − 1)dimensional compact space M, whose volume is |M|, and where the area of the corresponding boundary ∂M is |∂M|, finding,
where subleading contributions involving spacetime curvature have been omitted. Now, using eq. (30) in eq. (4), it results eq. (21) with |M| in the place of Aa in eq. (18), and |∂M| in the place of A in eq. (29) . Such a correspondence suggests that, at high temperature T , each reflecting wall of a large cavity contributes with U mixed in eq. (29) . Indeed, for a slab, which consists of two parallel plane walls separated by a distance a, in the regime where eq. (19) holds it follows that the leading correction to U thermal in eq. (18) is twice eq. (29) [6, 9] .
N =2
When N = 2, noticing eq. (18), one goes back to eq. (21) and writes,
where U mixed is given by eq. (22), now with A ≡ 1 and ρ mixed given in eq. (7) for N = 2,
Noting eq. (23) and using ref. [31] , it results,
which should be compared with eq. (27) . [See also in figure 1 plots against χ of the integrands of f (3) in eq. (23) and of f (2) in eq. (33).] Using eq. (33) in eq. (32), one finds, unexpectedly, that the correction to the blackbody contribution in eq. (31) depends on ξ, namely,
Looking at the literature for related configurations of reflecting "walls" (more properly, reflecting points) in spacetimes with N = 2 dimensions, one sees that the general formula in eq. (30) is not applicable. Nevertheless, refs. [6] and [11] , by using global regularization procedures appropriate for N = 2, have arrived to an internal energy given by, πaT 2 /6 − T /2, for the case of a slab of width a regardless the boundary condition is Dirichlet's or Neumann's. Now, taking into account eqs. (31) and (34), and assuming that (as when N > 2) the correction to the Planckian internal energy in the slab is twice eq. (34), the result of the global procedure is reproduced if ξ is taken to be 1/4 for the Dirichlet, and −1/4 for the Neumann boundary conditions. It should be remarked that these values fit the bounds on ξ given in the previous section [note that, as mentioned earlier, equalities are likely not discarded in eqs. (13) and (15)]. At this point a word of caution should be given regarding the assumption above that the correction to the Planckian internal energy in the slab is twice eq. (34). In the case of a slab (two reflecting walls separated by a), besides ρ mixed given in eq. (7) for N = 2, additional terms such as ±ξT /a might appear. Consequently, recalling eq. (34), the integration in eq. (17) would sweep away the dependence on ξ in the expression of U mixed . Although this is certainly a possibility which would lead to agreement with global procedure [6, 11] , only a calculation of U mixed using the present local procedure extended to the case of two reflecting walls could give an answer for sure 2 .
Other thermodynamic quantities
Before studying other thermodynamic quantities in the large cavity, it is convenient at this stage to consider the space averages (integration over space divided by the volume), p ⊥ and p , of P ⊥ and P in eq. (5),
where eqs. (7) , (9) and (20) have been used. Note that, naturally, the formula for p only applies when N > 2. As will be seen below, thermodynamics involves these space averages.
N >2
By integrating eq. (11) over x noting eq. (23), one finds that its right hand side yields a term proportional to f (N ) which, on account of eq. (27), vanishes. Using then eq. (29), it follows that p in eq. (35) is given by,
Considering T , A and a as independent thermodynamic parameters and observing eqs. (21) , (18) and (29) , integration of eq. (4) leads to the free energy in eq. (30) with |M| and |∂M| replaced by Aa and A, respectively [cf. text after eq. (30)]. It can be readily checked that F so obtained satisfies,
i.e., the thermodynamic pressures are the space averages in eqs. (35) and (36). Note that the pressure perpendicular to the wall p ⊥ is the familiar blackbody pressure [by setting N = 4 in eq. (35), p ⊥ yields p in eq. (2)], and that the pressure parallel to the wall p is diminished or increased by the presence of a Dirichlet or Neumann wall, respectively [see text in the paragraph starting after eq. (29)]. At this point, it should be added that an integration constant (independent of T ) in F/T has been ignored when integrating eq. (4). If such a constant is taken to be different from zero, the partial derivatives in eq. (37) could give rise to Casimir terms (linear on T [6] ) in conflict with eqs. (35) and (36) where Casimir pressures are not present (recall that in this paper boundary conditions are considered on a single wall).
Clearly one can go further to obtain other thermodynamic quantities, for example entropy,
whose expression follows immediately from eq. (30).
N =2
Turning now to N = 2, using eqs. (31) and (34) in eq. (4), integration yields,
where ℓ is an arbitrary length scale which must be introduced such that the argument of the logarithm is dimensionless. (As done above, an integration constant in F/T has been omitted.) Assuming that ℓ is independent of a, it follows from eq. (39) a thermodynamic pressure which does not depend on ξ,
agreeing with the space average p ⊥ in eq. (35). By inserting eq. (39) into eq. (38), it results that,
i.e., the blackbody entropy is corrected by a term that depends on ξ and ℓ. It is worth mentioning that one cannot set T → 0 in eq. (41) and argue that entropy diverges as the absolute zero of temperature is approached, since the leading contribution in eq. (41) is the Planckian form [cf. eq. (19)]. Noting eqs. (39) and (40), it follows that the Gibbs free energy G = F + pa is given by
and then only for the minimal coupling ξ = 0 [which is the same as the conformal coupling when N = 2, cf. eq. (8)] the Euler relation is satisfied. In fact, for ξ = 0, all thermodynamic quantities reduce to Planckian forms.
Conclusion
This paper examined how the single Dirichlet and Neumann plane walls modify the thermodynamics of standard scalar blackbody radiation. This was done using the local procedure, which consists in integrating the renormalized energy density to obtain the internal energy, instead of obtaining the latter by means of the free energy as is usually done following the global procedure. The main result is that in N = 2-dimensional spacetime, total thermodynamic quantities depend on the curvature coupling parameter ξ although spacetime is flat. When N > 2, agreement between the local and global procedures was achieved; not so much when N = 2 due to the presence of ξ in the corresponding total thermodynamic quantities. The central point of the argument is that the following integration in "half space" [see eqs. (22) , (29) It should be recalled that although total thermodynamic quantities in N = 2 carry dependence on the curvature coupling parameter ξ, the value of the latter is not completely arbitrary. Namely, eqs. (13) and (15) dictate that ξ must not be greater than 1/4 in the case of Dirichlet's and not smaller than −1/4 in the case of Neumann's boundary condition, otherwise stable thermodynamic equilibrium will not prevail.
In dealing with the Dirichlet and the Neumann boundary conditions in the context of flat spacetimes, appearance of ξ in total quantities such as the internal energy [cf. eqs. (31) and (34)], the Helmholtz free energy [cf. eq. (39)], and the entropy [cf. eq. (41)] is puzzling and asks for further investigation of the thermodynamics of the scalar radiation in the presence of boundaries in two-dimensional backgrounds. As mentioned earlier in the paper this study will appear elsewhere.
Perhaps, it is worth commenting here that there is in literature another instance where the curvature coupling parameter ξ plays a role in total quantities, even in flat backgrounds. Namely, in the calculation of geometric entropies [33] .
